Abstract. The modal interpretation of quantum mechanics allows one to keep the standard classical definition of realism intact. That is, variables have a definite status for all time and a measurement only tells us which value it had. However, at present modal dynamics are only applicable to situations that are described in the orthodox theory by projective measures. In this paper we extend modal dynamics to include positive operator measures (POMs). That is, for example, rather than using a complete set of orthogonal projectors, we can use an overcomplete set of nonorthogonal projectors. We derive the conditions under which Bell's stochastic modal dynamics for projective measures reduce to deterministic dynamics, showing (incidentally) that Brown and Hiley's generalization of Bohmian mechanics [quant-ph/0005026, (2000)] cannot be thus derived. We then show how deterministic dynamics for positive operators can also be derived. As a simple case, we consider a Harmonic oscillator, and the overcomplete set of coherent state projectors (i.e. the Husimi POM). We show that the modal dynamics for this POM in the classical limit correspond to the classical dynamics, even for the nonclassical number state |n . This is in contrast to the Bohmian dynamics, which for energy eigenstates, the dynamics are always non-classical. .
INTRODUCTION
It has been almost eighty years since quantum theory emerged as a complete theory, yet fundamental debates still occur over its interpretation. These debates usually center around what has been called the measurement problem, which we argue is a twofold problem.
In quantum mechanics a complex vector |Ψ(t) , which belongs to a Hilbert space H, is used to describe the state of a system, and its evolution is given by the Schrödinger equation. In the orthodox interpretation it is postulated that a system only has a definite value for an observableÂ (energy, position etc.) if the state |Ψ(t) is an eigenstate, |Ψ n (t) , ofÂ, in which case the value ofÂ is the eigenvalue a n associated with |Ψ n (t) . However, since the Schrödinger equations in linear it is possible for the system to be in a state which is a linear superposition of these eigenstates: |Ψ(t) = n c n (t)|Ψ n (t) . That is, the system can have two or more values of an observable at once or, we say, the value is not defined. To explain why only one of the values is obtained in a measurement we need to introduced an extra dynamical equation, the reduction equation. This equation for a measurement of observableÂ has the effect of collapsing the state, |Ψ(t) → |Ψ n (t) , thereby defining the value of the observable. Thus the standard view of reality (that variables have well defined values even when they are not observed) is lost. This is what we call the first problem of the measurement problem under the orthodox interpretation.
The second problem is concerned with choices: what observable is measured, and where the reduction occurs (the Heisenberg cut [1] ). In the orthodox interpretation there is a classical world, which we live in, existing outside of the quantum world and allows us to define an apparatus which chooses the observable to be measured (the set of eigenstates to be collapsed into). The problem is, at what point do we place the distinction between system and apparatus? An apparatus is made of particles just like the system. Perhaps it is only an intelligent observer that collapses the wavefunction. But it is not clear how intelligence or consciousness can influence physics. Alternatively it can be argued that quantum mechanics should extend up the von Neumann chain [2] to include the entire universe, so |Ψ(t) now labels the state of the universe. If this is the case then what is external to the universe which makes the quantum measurements?
In this paper we consider the modal interpretation of quantum mechanics [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . This interpretation's central goal is to keep the standard definition of reality intact, that observables have values even when not observed. In this interpretation to explain why only one value ofÂ is actual for all time we introduce an extra state, the property state, |Ψ n (t) . This state evolves stochastically with time (jumping between different values of n) and selects the present value ofÂ, a n , from the set of possible values {a n }. While |Ψ(t) in effect chooses the weights for this stochastic jumping; that is, it acts as a guiding state. We define the unnormalized (signified by a tilde) property state as |Ψ n (t) =π n (t)|Ψ(t) ,
whereπ n (t) is a projector (acting in the total Hilbert space of the universe H uni ) and satisfies nπ n (t) =1. The set of projectors, {π n (t)} are labelled the preferred projective measure. The normalized property state is then defined as
where N is a normalization constant. Note the set of property states depends on both the preferred projective measure and the guiding state.
The guiding state |Ψ(t) (as in the orthodox interpretation) is found from the Schrödinger equation
whereĤ uni (t) is the Hamiltonian of the universe.
The reason why only one value forÂ is obtained upon a measurement ofÂ at time t, is we choose the property states (i.e. chooseπ n (t)) so thatÂ can be written as n a nπn (t). Now if |Ψ n (t) is the property state at time t, thenÂ has the value a n at t and ifÂ is measured, this value is revealed. The probability that universe will be in the n th property state at time t is given by
the standard Born probability. Thus the average ofÂ over all possible property states will agree with Â found by the orthodox theory.
However, unlike the orthodox interpretation this probability does not refer to the probability of observing results a n at time t but to the probability of A having value a n at time t.
For a given set of property states, there will be more than one observable, which can be assigned a definite value. Such and observable should, and from now on will, be referred to as a property or beable (after Bell [3] ). Our notation for a property is
where z n is the value of the property, which could be a real number, or a complex number, a statement (yes/no) or even a string of numbers.
When the set {z n } are real (complex) numbers the property can be represented by a Hermitian (normal) operator
Thus, in this interpretation, the first problem of the measurement problem is solved, at least for measurements of the preferred observable (property), as a measurement only tells us which value was possessed.
For measurements of other observables see the discussion by Bohm for their interpretation [16] . However, the problem of choice still remains as we can choose a different preferred projective measure, {π n (t)}, which
will give a different group of observables property status. This problem for modal interpretations has not been resolved in a wholly satisfactory way, and may never be.
The problem of choice is illustrated by the many variants of the modal interpretation. In the beable variant [3] [4] [5] [6] [7] choice of the preferred projective measure is fundamental. That is, it is made independently of the guiding state. The problem is that many choices are viable [6] . In other modal theories [8] [9] [10] [11] [12] the preferred projective measure depends on |Ψ(t) . These have been labelled by Bacciagaluppi and Dickson [9] as the atomic version of the modal interpretation. One assumes a preferred factorization of the universe H α ⊗ H β ⊗ ... ⊗ H ω . (This seems to be necessary to avoid a Kochen-Specker type contradiction [17] ). In this preferred factorization the spectral resolution of each subsystems ρ α red (t) = n i w n iπ α n i (t) defines the preferred projective measure for the universe as
where n = (n i , n j , ..., n z ). This may seem like it has rectified the problem of choice but it still remains here in the choice of the preferred factorization. Another problem of choice can emerge in the atomic variant this being that for some guiding states there are many viable algorithms for defining the preferred projector. Note other variants of the modal interpretation [6, 13, 15] which try to answer choice also encounter the above problems.
In this paper we do not propose to solve the problem of choice.
To the contrary, we show that there is actually more choices to be made than what was previously realized. Specifically, it is not necessary to restrict the property to be of the form of Eq. (5), based upon orthogonal projectors. The extra choice is motivated by the fact that in the orthodox interpretation of quantum mechanics we can extend the theory of measurement from that using projective measures to that using positive operator measures (POMs). The former measurement (of observable Z) is described by a set of pairs as in Eq. (5), but here the z ′ n s would be interpreted as measurement results. The latter measurement (of observable Z) is described by a set of pairs
whereF n (t) is referred to as a POM element [18] or effect [19] . These effects are positive and complete, with nFn (t) =1. In this paper, we
show that we can develop modal dynamics for preferred observables of the form in Eq. (8) .
To agree with orthodox theory, our modal dynamics for POMs should generate the usual probability formula for POMs, which is
Note that in general the number of possible results ( n 1) can be greater than the dimension of H uni . Some examples of POM measurements include informationally complete POMs [21, 20] and the Husimi or Q-function POM [22, 23] . In the orthodox theory the reduction equation for POM-type measurement is |Ψ →M n |Ψ whereM n is referred to as the measurement operator and is defined such thatF n (t) =M † nM n [19] .
Since the modal dynamics presented in Refs. [3] [4] [5] [7] [8] [9] 
DYNAMICS FOR MODAL INTERPRETATIONS
In this section we first briefly outline the modal dynamics for the projective case, which is basically a reproduction of the results presented in Refs. [3] [4] [5] and generalized in Refs. [7] [8] [9] to include time-dependent projectors. Secondly we use Naimark's theorem [18] to extend the dynamics to include positive operators.
The Projective Case
Before reproducing the standard results for the projector case we outline the general method used to describe a stochastic process, that jumps between N distinct states. We define P n (t) as the probability that the system is in the n th state at time t. Assuming a Markovian process, by which we mean that the probability of being in state m at time t + dt only depends on the state at time t, we can write the master equation as
where T nm is defined as
Here P nm (t + dt, t) is a conditional probability and is read as the probability of the system being in state n at time t + dt given it was in state m at time t. From this definition it follows that n T nm = 0.
For distinct states the conditional probability P nm (t, t) must be 0 for n = m. This allows us to interpret T nm (t)dt for n = m as the transition probability, so we call T nm (t) the transition rates. For n = m, P nn (t, t) = 1 and T nn (which is negative) is a measure of the rate at which state n losses probability.
Defining a probability current J nm (t) as
results in J nm (t) = −J mn (t) and allows us to rewrite the probability master equation as
Given J nm (t) and P n (t), there are many possible transition rates satisfying Eq. (13) . One solution, chosen by Bell [3] is as follows.
For J nm (t) < 0,
and for J nm (t) > 0
This is only one of the infinitely many solutions. These are found by adding an extra term, T 0 nm (t), to T nm (t), where T 0 nm (t) is constrained only by
To make the link with quantum mechanics we say that the N distinct states are the property states {|Ψ n (t) }, and the set of properties which have definite values form the group G, defined by elementŝ
with the value of propertyẐ being the corresponding z n . The evolution of these values (jumping between z n ) is determined by the rates T nm (t), which themselves depend upon J nm (t).
By taking the time derivative of Eq. (4) we obtain the differential equation
where we have used Eq. (3), the Schrödinger equation. This can be simplified by defining the Hermitian operator,R(t), for which
This allows us to rewrite Eq. (20) as
Comparing this with Eq. (13) and using the fact that mπ m (t) =1, one possible probability current (that was chosen by Bell [3] ) is
Note that this is only one of infinitely many possible currents, as we can add any current J 0 nm (t) to J nm (t) which satisfies m J 0 nm = 0, to give a valid probability current. For the purposes of this paper we only consider the simple solutions (not containing the extra T 0 nm (t) and J 0 nm (t) terms). For a discussion about these solution see [5] and [8] .
The Positive Operator Measure Case
A typical example of a POM is the observable
where {|z n } forms an overcomplete basis in H uni , with n |z n z n | = 1B. If the universe was in |z n , then a measurement of this observable could with finite probability yield any of the values {z n }. This clearly disagrees with the above description of modal dynamics. Thus we cannot treat non-orthogonal states in the same manner as orthogonal states.
POMs are not always generated from non-orthogonal states. Given any set of projectors {Π n (t)} in a larger Hilbert space
where H aux is some auxiliary Hilbert space, it is well know that a set of POM elements can always be found by [18] 
whereρ aux is a state in H aux . For simplicity we define it asρ aux = |φ φ|.
What is perhaps less well known is that given a POM {F n (t)} it is always possible to generate a projective measure {Π n (t)} in a larger Hilbert space H uni ⊗ H aux , where dim(H aux ) is not necessarily equal to n 1. This is called Naimark's theorem [18, 24] . It basically says that we can define a projectorΠ n (t) such that
for all |Ψ(t) ∈ H uni and for n = 1, ..., N where N is the number of POM elements in the POM. To work out the set {Π n (t)} it is necessary to introduce another projectorΠ N +1 (t), such that
andΠ
is satisfied for n, m = 1, ..., N + 1. The set of projectors in this enlarged
Hilbert space is called the Naimark extension ofF n (t) [18] . A worked example of this is shown later in this section.
We now propose that to calculate modal dynamics for POMs, the preferred observable (determined by the preferred POM) defined by Eq. (8) becomes a property in K. The set of properties which can have definite values is now defined by
and if z n is a number this is represented by the operatorẐ = N +1 n z nΠn (t).
The value z N +1 is arbitrary. Note we expect that the preferred projective measure {Π n (t)} may define more then one POM (set of POM elements) as preferred. The guiding state becomes
where |Ψ(t) is still the solution to the Schrödinger equation (3) . With this guiding state we can rewrite Eq. (9) as
which forces P N +1 (t) ≡ 0 for all time as the projectorΠ N +1 (t) projects into the null space of |Φ(t) . The property states are defined in K as
which now form an orthogonal (distinguishable) set and N ′ is the new normalization constant. Thus the standard analysis of modal dynamics now applies (Sec. 2.1). However, the property state in this extended
Hilbert space is, in general, an entangled state (between the universe and the auxiliary system). This may raise interpretational difficulties, but we will leave this question for later work and just treat the above as a purely mathematical procedure to deal with POMs.
To work out the modal dynamics for POMs, as in the projector case, we need to find the probability current. Using Eq. (31) and Eq. (3),
whereR ′ (t) is Hermitian and defines the evolution of the projectorŝ Π n (t), by
To illustrate the above we consider a simple example, a universe consisting of only a spin-1/2 system [18] , and consider the observable Z defined by the POM elementsF n = 2 3 |z n z n |, with n being 1, 2, and 3 and z n = exp(i2πn/3). The states |z n are defined by
where |2 and |1 are the eigenstates ofσ z (the Pauli spin matrix). In the Bloch sphere these states all lay in the x − y plane with an angular separation of 2π/3.
Using Naimark's theorem we extend this 2-dimensional Hilbert space to a 4-dimensional Hilbert space, where it can be shown (using Eqs. (27) and (28)) that the four projectors are [18] 
The two states |φ and |φ ′ form a set of orthogonal basis states of the auxiliary Hilbert space andΠ 4 is an added projector needed to complete the set of projectors.
The modal dynamics for these states is formulated as follows. By
Eq. (30) and Eq. (32) the three possible property states are {|Φ n (t) =
The fourth projector is not included as for all possible states it projects into the null space of |Φ(t) .
The observable Z = {(z n ,F n )} becomes the property Z = {(z n ,Π n )} (orẐ = n z nΠn since for all n, z n is a number), and for this example the possible values are; z 1 = e i2π/3 , z 2 = e i4π/3 , z 3 = 1. The stochastic evolution between these values is then found from the transition rates T nm (t), which in turn require a specification of J nm (t). For simplicity, and to illustrate the significance of enlarging the Hilbert space, we assume that there is no evolution, that is J nm (t) = T nm (t) = 0. Thus once we first assign a property state (based on the initial probability distribution) it remains in this property state for all time. Now we assume that the initial state of the universe is in one of the three non-orthogonal states, say |Ψ(0) = |z 1 . Unlike in the projector (or-thogonal) case we expect there to be some probability for the universe to be in any of the 3 possible property states |Φ n (t) . This does occur as in generalΠ n |φ |z 1 is non-zero for all n.
CONTINUOUS MODAL DYNAMICS
In this section we investigate the continuum limit of modal dynamics. This has been previously done by Sudbery and Vink in Refs. [4] and [5] respectively, where it was shown that Bohmian mechanics can be obtained by choosing the appropriate preferred projective measure (property states). In this section we briefly outline their work, then extend it to show that the Brown and Hiley generalization of Bohmian mechanics to include the momentum representations [25] is not the continuum limit of Bell's modal dynamics. We also present an alternative (we believe easier) method for finding the continuous trajectories, that works when the modal dynamics has a continuum limit.
Bohmian Mechanics
In Bohmian mechanics [16] the preferred projective measure is the one associated with the position basis. That is, the property is the position of the system {X j } (vector notation) and the wavefunction Ψ({x j }, t) = {x j }|Ψ(t) is then interpreted as a field which guides the position in a non-classical way. In Bohm's original papers he showed that this non-classical behavior could be represent by an extra potential in the Hamiltonian-Jacobi equation, the quantum potential which depends on Ψ({x j }, t).
In this paper we do not introduce the quantum potential, but instead describe Bohm trajectories with reference to a continuous probability current J k ({x j }, t). We also consider |Ψ(t) to belong to a tensor product H x ⊗ H ′ , where H x is the Hilbert space containing the position eigenstates |{x j } . Then the wavefunction becomes a vector given by,
This allows us to take into account a Hilbert space for the universe which is larger than that for the position of the system. Here we see that |{x j } |ψ({x j }, t) is the continuous equivalent of our unnormalized property state, and the properties are the position operators {X k }.
With this property state we can define a probability density as
which obeys the continuity equation
where J k ({x j }, t) depends on the form of H uni (t). As in the modal case there is not a unique solution to J k ({x j }, t) as for example in three dimensions we can add any vector field ∇ × A({x j }, t) to J({x j }, t) as
We define a velocity field v k ({x j }, t) implicitly by
Bohmian trajectories for {x j }(t) are then defined by
Probability enters only through the initial conditions, {x k (0)}. This is only one of the possible continuous trajectories which satisfy Eq. (38).
Other possibilities include stochastic approaches; see [5] and references within. It should be noted that so far nothing has specified that {x j } must be positions, and in fact Brown and Hiley [25] develop a formalism where {x j } can be either position or momentum. As examples, they consider a simple universe (a single 1-D particle) and derive d t x(t) and d t p(t) for a linear, quadratic and cubic potential.
Bohmian mechanics as the continuous limit of discrete modal dynamics
To demonstrate that the modal dynamics does give Bohmian mechanics as its continuum limit, first consider the Hamiltonian
whereÂ(t),B k (t) andĈ k (t) are arbitrary functions of the operators {X k } and the rest of the universe, and {Ŷ k } are the conjugate operators
To calculate d t x k (t) in Eq. (41) we need to calculate the velocity field v k ({x j }, t), which in turn requires calculation of J k ({x j }, t). Taking the derivative of Eq. (38) and using the Schrödinger equation (Eq. (3)) we can write
which can be shown to be
Comparing this with Eq. (39) gives
For simplicity we consider the case whenÂ(t) =V (X),B k (t) = 0, andĈ(t) =Ĉ † (t) =1/4M , describing for example an electron in a 1-D potential, with the operator nature of1 andV signifying operation on the Hilbert space for the internal structure of the electron. For this example J(x, t) becomes
and thus
To simplify this we can rewrite |ψ(x, t) as
where R j (x, t) and S j (x, t) are real functions and {|j } is an orthonormal basis set, which for example spans the Hilbert space of the internal structure of the electron. Then it simplifies to
To compare this to the modal dynamics defined in Sec. 2 we have to discretize X. In [5] and [4] this is done by defining a lattice of size N and lattice separation ǫ. Thus the values of the property X denoted x become x n = ǫn, and the preferred projective measure becomes {π n = |ǫn ǫn|⊗1}. With this preferred projective measure the property state Eq. (2) becomes |Ψ n (t) = |ǫn ǫn|Ψ(t) = |ǫn |ψ n (t) where |ψ n (t) is an unnormalized state existing in H ′ . Using the results of Sec. 2.1 the probability current is
and the discretized version of the Hamiltonian is
This gives
Taylor expanding |ψ n+1 (t) and |ψ n−1 (t) gives
where ∆ ǫ is the discretized version of a derivative. As in the continuous case we write |ψ n (t) in terms of the real functions S j (ǫn, t) and R j (ǫn, t) which results in J nm (t) becoming
Since 1/ǫ ≫ 1, in the ǫ → 0 limit (continuum limit) we can neglect the higher order terms in the above expression for J nm (t). That is the only terms which will contribute are the transitions from m to m − 1 or m to m + 1. Because of this we can write
If j R 2 j ∆ ǫ [S j (ǫn)] > 0 (implies J n(n+1) (t) < 0 and J n(n−1) (t) > 0) then by Eqs. (14) - (17),
then by Eqs. (14) - (17) T (n+1)n (t) = 0 (59)
These transition rates imply that in an interval dt the average displacement dx will be
Provided S j (ǫn) and R j (ǫn) are continuous, the average E[dx] reduces to Eq. (49) as ǫ → 0. However, to show that the trajectories are smooth and deterministic from the initial {x k (0)} we also require that the dispersion E[dx 2 ] goes to zero in the continuum limit. This is the case
which goes to zero as ǫ → 0.
Hamiltonians for which Bohmian mechanics is not the continuous limit of discrete modal dynamics
The above demonstrates that in the continuum limit modal dynamics becomes Bohmian Mechanics. However, if we consider a Hamiltonian of the form
we find that the continuous limit of discrete (Bell- As before if we discretize the value of X, x → x n = ǫn, the probability current again will be given by Eq. (50). However, the discretized version of the Hamiltonian in this case is
which results in
−3iδ n,m+1 ψ n (t)|ψ n−1 (t) + 3iδ n,m−1 ψ n (t)|ψ n+1 (t) .
Taylor expanding this gives a rather large expression, but since ψ n (t)|ψ n (t) is a real number and 1/ǫ 3 >> 1/ǫ 2 in the ǫ → 0 limit we can ignore all orders of the Taylor expansion. This allows us to write
Since ψ n (t)|ψ n (t) is always positive, for κ > 0 the transitions rates defined in Eqs. (14) - (17) become
and the dispersion will be
which diverges as ǫ → 0. Thus the continuum limit does not exists. This implies that Brown and Hiley's [25] extension of Bohmian mechanics to include the momentum representation (the momentum projector is the preferred projective measure) is not the continuum limit of Bell's modal dynamics. It is possible that a different choice for J nm (t) (and T nm (t)) would allow their equations to be derived, but that is beyond the scope of this paper.
The Velocity Operator Technique
In the above section we have demonstrated that when using the Bell solution for the transition rates, modal dynamics for some continuous properties only reduces to a deterministic theory (apart from a random initial conditions) if the Hamiltonian is at most quadratic in the conjugate variable to the property. If the property is position then this deterministic limit is Bohmian mechanics and the trajectories are then found using Eq. (41), which requires calculation of the probability current density, J k ({x j }, t). Here we present an alternative to this, a method to calculate v k ({x j }, t) directly. We assume that
wherev k (t) is the k th component of the velocity operator. This operator is defined asv
To show that this does give the same trajectories as Bohmian mechanics, we note that the numerator of Eq. (73) should be J k ({x j }, t) by definition. Now using the Hamiltonian defined in Eq. (42), the velocity operator isv
This results in the following velocity field
Comparing this with Eq. (45) we see that the numerator is indeed
. This completes our proof that our velocity method does generate the same trajectories as Bohmian mechanics for Hamiltonians of the form displayed in Eq. (42). However, by extending this argument to higher orders it can shown that our velocity method does not agree with Bohmian mechanics. That is, this is another example of a method that only works for Hamiltonians that do not contain terms of order Y 3 k and higher.
SIMPLE EXAMPLE -HARMONIC OSCILLATOR

Husimi POM
To illustrate modal dynamics for POMs, we investigate a simple model; a universe consisting of a one dimensional harmonic oscillator of fre-
whereâ † andâ are the creation and annihilation operators of the harmonic oscillator respectively.
The preferred POM we consider is that of [22] , which has POM elements (or effects) given bŷ
whereâ|α = α|α . The preferred observable (one of the many) we associate with this POM is
The continuous value α = x + + iy − is a complex number representing a point is phase space (x + ,y − ). In the orthodox theory this POM corresponds to a measure of both position and momentum with minimal additional uncertainty [18] .
Before analyzing the modal dynamics that corresponds to this POM, we need to define a few operators that act in the enlarged Hilbert space K. (The auxiliary Hilbert space H aux is assumed to be a single harmonic oscillator). We definê
whereb andb † are annihilation and creation operators which act in H aux . These four operators obey the commutator relations
thusx + andŷ − have the same eigenstates, which we denote as |x + , y − .
They are given by
where
Becausex + andŷ − can be well-defined simultaneously, we interpreted them as being suitable modal properties to represent simultaneously the position and momentum of the harmonic oscillator. This can be justified on the grounds that for |φ = |0 (a vacuum state)
where |Φ(t) = |Ψ(t) |0 is the guiding wave for K and |Ψ(t) is the solution of the Schrödinger equation. Thus these operators have essentially the same statistics as the position (X) and momentum (Ŷ = (−iâ+iâ † )/ √ 2) operators in the classical limit (as the 1/4 term becomes negligible).
In K we can rewriteĤ uni aŝ
To define the modal dynamics in K we use Naimark theorem and a Naimark projector |φ = |0 to extend the POM elements defined by Eq. (78) to the projector |x + , y − x + , y − |dx + dy − . That is
(see appendix A). The observable A becomes a property, which in matrix notation is given bŷ
Since the preferred projective measure in K, {Π(x + , y − )dx + dy − = |x + , y − x + , y − |dx + dy − } forms a complete orthogonal set and Eq. (91) contains no cubic or higher order terms involvingx − orŷ + , the results of Sec. 3.2 are applicable to this paper. That is a deterministic differential equation for the values x + (t) and y − (t) can be determined.
Using Eq. (74) with the Hamiltonian Eq. (91) gives the following two velocity operatorsv
Substituting these into Eq. (73) (with |Ψ(t) → |Φ(t) ) gives
Thus the differential equations are
Using the fact that (see appendix A)
the partial derivatives can be written as
which allows us to write
Thus the differential equation for α(t) is
When |Ψ(t) is a number state
Lets first of all consider a number state |n , as the initial condition for |Ψ(0) . Then by the Schrödinger equation
|Ψ(t) = e −iωnt |n . Substituting this into Eq. (105), gives
This has the solution
where ω ′ = ω 1 + n/|α(0)| 2 /2. This solution and all subsequent solutions are discussed in Sec. 4.3.
When |Ψ(t) is a coherent state
If we assume that initially the system in is a coherent state |Ψ(0) = |β , then by Eq. (107),
Substituting this into Eq. (105), gives
Bohmian Mechanics, The Position Projector
In this section we consider the modal dynamics which describe a decomposition into position eigenstates. That is the preferred projective measure is {π(x)dx = |x x|dx}. Since this is already a projector, there is no need to enlarge the universe, and as shown above (and in [4] and [5] ) the modal dynamics for this case is just Bohmian mechanics.
In terms ofX and its conjugate operatorŶ , the Hamiltonian for the universe, Eq. (77), becomesĤ uni (t)
Using our velocity operator technique it can easily be shown that the velocity field is
asv = ωŶ . Using Eq. (41) this gives
SinceŶ does not commute withX, we can not give bothX and Y definite status (to giveŶ property status we would have to chose a momentum projective measure as the preferred projective measure).
However, as in Bohmian mechanics, we can define a momentum field,
One interprets this momentum field as follows: if the system has the position x(t) then its momentum is y(x)| x=x(t) . With this and position x(t) we can define a phase point (x(t), y(x)| x=x(t) ), which in complex notation is written as
The factor 1/ √ 2 is to scale this to agree with the preceding section.
When |Ψ(t) is a number state
As before when we assume a number state initial condition the guiding wave at time t is |Ψ(t) = e −iωnt |n . Substituting this into Eq. (117) and using
where H n (x) is a n th order Hermite polynomial,
Using a similar argument and Eq. (118) we get y(x, t) x=x(t) = 0. That is, once the initial x(0) is picked from the quantum mechanical distribution is stays there for all time. In terms of the complex notation α(t) we get
When |Ψ(t) is a coherent state
If we assume that initially the system in is a coherent state |Ψ(0) = |β , then Eq. (111) in the position representation is
Substituting this into Eq. (117) gives
and using Eq. (118) we get y(x, t) x=x(t) = √ 2Im[βe −iωt ]. Taking the derivative of this gives
Thus
Classical Limit
The classical harmonic oscillator has the well known solution, this being
In Sec. 4.1 (modal dynamics when the preferred POM is the Husimi POM) we saw that in the enlarged Hilbert space, we can define α(t) = x + (t) + iy − (t). Now consider the classical limit. First consider the case of the number state Eq. (110). From the probability formula (31) it can be shown that |α(t)| 2 ≈ n with high probability. This means that as n → ∞, ω ′ → ω, reproducing the classical dynamics. When considering the case with an initial coherent state we can similarly argue that β ≈ α(0) with high probability. Then in the limit |β| → ∞, the difference between the classical formula and Eq. (114) is negligible.
By contrast, in the position case (Bohmian mechanics), for the first case (number state), α(t) = x(0) for all n, the dynamics is completely non-classical. However, it can be argued that when we consider the second case with an initial coherent state, again the difference between the classical formula and Eq. (127) is negligible. The fact that in both Bohmian mechanics and the modal interpretation of Sec. 4.1 have a good classical correspondence for coherent state is not surprising, as the coherent state is a classical-like state. What is surprising is that it is possible to obtain classical modal dynamics even for a non-classical state, by using POMs.
DISCUSSION
In this paper we have extended the modal dynamics of Refs. [3] [4] [5] [7] [8] [9] to include the possibility of having a preferred POM. To do this we enlarged the Hilbert space from H uni to K = H uni ⊗ H aux . Once in this enlarged Hilbert space we used Naimark's theorem [18, 24] to define a preferred projective measure which is equivalent to the preferred POM.
That is the statistics of an observable describe by Z = {(z n ,F n (t))}, (whereF n (t) is a POM element) is equivalent to the statistic of the property Z = {(z n ,Π n (t))}. HereΠ(t) is a projector in K and defines the property state |Φ n (t) . This state represents the actual state of the universe and determines the present value, z n , of the propertŷ Z from the set of possible values. The evolution (jumping between z n ) is determined by the stochastic evolution of |Φ n (t) , which in-turn depends on the guiding wave |Φ(t) = |φ |Ψ(t) . |Ψ(t) is the standard quantum state found from the Schrödinger equation and |φ is a state defined in the auxiliary Hilbert space.
To illustrate modal dynamics for POMs we considered a simple example: a universe consisting of a single Harmonic oscillator. To illustrate our new dynamics, we looked at the Husimi POM and compared the dynamics obtained to that which is obtained with the position projective measure (Bohmian mechanics). Since the first case corresponds to a POM we have to use our enlarged Hilbert space modal dynamics to develop the stochastic evolution equation for the value of the property (or equivalently the property state). For the Husimi POM we denoted this value by α(t). We find that by choosing a Naimark projector |φ = |0 , this property defines a point in phase space (α(t) = x + +iy − ) that is effectively the position and momentum of the system. Investigating two different initial conditions for |Ψ(0) , namely a number state and coherent state, we find that the differential equation for α(t) for both cases has a classical limit which agrees with classical theories.
When comparing to the modal dynamics for the position projective measure we find that when the initial state is the number state the dynamics are highly non-classical. Only for an initial coherent state (a classical-like state) can a classical limit can be obtained.
In conclusion by extending modal dynamics to include POMs allows the ability to include overcomplete decomposition, like the Husimi POM [22, 23] and informationally complete POMs [20, 21] . This may provide an answer to questions involving the quantum-classical limit.
An interesting question for future work is whether the extension of the Hilbert space is only a mathematical tool or whether there is some physical significance behind enlarging the Hilbert space. Apart from this fundamental question we intend to use this theory to explain diffusive non-Markovian stochastic schrodinger equations (SSEs) [26] .
In a recent paper we have shown that under the orthodox interpretation non-Markovian SSEs represent nothing more then a stencil which determines the state of a system at a particular time t, given that a measurement on the environment at that time yielded result z [27] .
That is, non-Markovian SSEs can not be interpreted as evolution equations for the state of the system conditioned on the outcomes of some continuous measurement of the environment. We believe that under the modal theory it can be shown that non-Markovian SSEs are evolution equations for the system part of the property state when the environment property Z is given definite status. In [28] we have shown that when the preferred measure is position, non-Markovian SSEs do have this interpretation. To interpret other non-Markovian SSEs [26, 27] , it is necessary to consider non-orthogonal decompositions.
and since dX exp(−X 2 )H m (X)H n (X) = 2 n n! √ πδ nm this becomes 0|x
Thus |α α|/π = 0|x + , y − x + , y − |0 .
